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The best proximity point is a generalization of a fixed point that is beneficial 
when the contraction map is not a self-map. On other hand, best 
approximation theorems provide an approximate solution to the fixed-point 
equation Tx = x. It is used to solve the problem to determine an approximate 
solution that is optimum. The main goal of this paper is to present new types 
of proximal contraction for nonself mappings in a fuzzy Banach space. At 
first, the notion of the best proximity point is presented. We introduce the 
notion of &1-f proximal contractive. After that, the best proximity point 
theorem for such type of mappings in a fuzzy Banach space is proved. In 
addition, the concept of @—7}-@ proximal contractive mapping is presented in 
a fuzzy Banach space and under specific conditions, the best proximity point 
theorem for such type of mapping is proved. Additionally, some examples 
are supplied to show the results' applicability. 
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1. INTRODUCTION 

Numerous problems can be represented by equations of the type Tx = x, where T is a self-mapping 
defined on a subset of a metric space, a normed linear space, a topological vector space, or another 
appropriate space. On the other hand, if T is a nonself-mapping from A to B, the aforesaid equation may not 
accept a solution. In this situation, it is being thought about finding an approximate solution x in A that has 
the least amount of error d (x, Tx), where d is the distance function. Given that d (x, Tx) is less than 4 (À,B), 
the best proximity point theorem ensures that d(x, Tx) is minimized globally by requiring that an 
approximation solution x satisfies the condition d(x, Tx)= a(A,B). The best proximity points of the mapping 
T are such optimum approximation solutions. 

Fan [1] established a fundamental result for the best approximation theorem in 1969, stating that if 
W represents a Hausdorff locally convex topological vector space and C is a subset of W where C is a 
nonempty compact convex set and T: C — W is a continuous mapping, then there is an element x satisfying 
the condition d(x, TX) = infd(y,Tx): 4 € C, where d represents a metric on W. Following that, several 
researchers, including Reich [2], Prolla [3], and Sehgal [4] developed the expansions of Fan's theorem in a 
variety of directions. 

On the other hand, Zadeh [5] proposed and investigated the idea of a fuzzy set in his fundamental 
paper. The study of fuzzy sets led to the fuzzification of a variety of mathematical notions, and it may be 
used in a variety of fields. Kramosil and Michalek [6] were the first to establish the idea of fuzzy metric 
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spaces. George and Veeramani [7] modified the idea of fuzzy metric spaces. A wide number of works have 
been published in fuzzy metric spaces; see [8]-[14]. Katsaras [15], [16] was the first to propose the concept of 
fuzzy norms in linear spaces. Many other mathematicians, such as Felbin [17], Cheng and Mordeson [18], 
and others, afterward presented the notion of fuzzy normed linear spaces in various ways. A significant 
number of papers have been published on fuzzy normed linear spaces, for example, see [19]-[23]. 

In this work, the notion of & —7 proximal admissible, (—/j-f proximal contractive and d-ij- 
@ proximal contractive for nonself mappings T: À — B are introduced and the best proximity point theorem 
for these kinds of mappings is established in a fuzzy Banach space. Structurally, this paper involves the 
following: Section 2 is dedicated to reviewing some terms as well as preliminary results that will be utilized 
in this paper, then in section 3, the definition of d—j-f proximal contractive mapping, &1-@ proximal 
contractive mapping is introduced and the best proximity point theorem for such types of mappings in a 
fuzzy Banach space is stated and proved. Finally, the paper finished with a conclusion section. 


2. PRELIMINARIES 

In this section, we introduced the basic notions and results that will be utilized in this paper. At first, 
the definition of fuzzy normed space and æ -admissible mapping is given. Then we state a notion of fuzzy 
distance in a fuzzy metric space in order to introduce this notion in the setting of fuzzy normed space. 


Definition 2.1. [24]: Let L be a vector space over a field R. A fuzzy normed space is a triplet (L, N,@), 
where © is a t-norm and Ñ is a fuzzy set on L X R that meets the following conditions for all x, y € L: 


(NDN(x0) - 0, 

(N2) N(x, t) = 1, Vr > 0 if and only if x = 0, 

(N3) Nx 1) = NG,c/Ivl. V (0 )y e . cz 0 

(NA) NT) ON(g,s) € N(X*-9,t*s) Vt,5 20 

(N5) N(x,. )is left continuous for all x € L, and lim N&T) = 1. 


Definition 2.2. [25]: Let (L, N,@) be a fuzzy normed space. Then; 
(1) a sequence {Xn} is termed as a convergent sequence if lim N(x,, — x, T) = 1 for eacht > Oandx€ L. 
T>. 


(2) a sequence {Xn} is termed as a Cauchy if lim Noo E: Xt) = 1;foreacht > 0 and p = 12... 
"noo 


Definition 2.3. [25]: Let (L, N,@) be a fuzzy normed space. Then (L, N,@) is termed as complete if each 
Cauchy sequence in L is convergent in L. 


On the other hand, the concept of a -admissible mapping was introduced by Samet et al. [26] as: 


Definition 2.4. [26]: Let L be a nonempty set, T:L > L, and a: L x L > [0,0). T is called æ -admissible 
mapping if for each x,y € L, we have: a(x, y) = 1then a (Tx, T) = 1 


Next Salimi et al. [27] generalized the notion of æ -admissible mappings in the following way. 


Definition 2.5. [27]: Let L be a nonempty set, T:L > L, and a,n:L x L  [0,oo). Then T is called a - 
admissible mapping concerning 7 if, for each x, y € L, a(x, y) = n(x 9) then a(Tx, Ty) = n (Tx, Tg) 


In [ 28] Vetro and Salimi introduce the concept of fuzzy distance in fuzzy metric space (X, M,@). Consider 
A and B be nonempty subsets of (X, M,@) and A .(1) , B .(r) denote the following sets: 


€ A: M(x,y,t) = M(A,B,r) for some y € Bj; 
B (t) = {y e B : M(x,y, tT) = M(A,B,7) for some x € A}; 
V (A,B 


In this paper, we introduce the above notion in a fuzzy normed space as follows: 

Consider A and B be nonempty subsets of a fuzzy normed space(L, N,@). The following sets are indicated 
by A(t), B (1), 

A(t) 2 (x€ A: N(x— 4,1) = N«(A,B,r) for some y € By 
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: N(x—y,T) = Ny(A,B, c) for some x € A}; 
where Nq(A, A 


€ 
Bt) = sup(N(x- y,1):x E A,u e B). 


3. MAIN RESULTS 

In this section, the concepts of & — 7j proximal admissible, Y—j-f proximal contractive and d—/j-$ 
proximal contractive mappings are defined, then prove the main results. Saha et al. [29] presented the 
concept of the best proximity point in a fuzzy metric space. In the following, the notion of the best proximity 
point is introduced in the context of fuzzy normed space. 


Definition 3.1: Let (L, Ñ, ®©) be a fuzzy Banach space and consider A , B be nonempty closed subsets of L 


An element x* € A is called the best proximity point (BPP) of a mapping T:A — B if it satisfies the 
condition that Ñ (x* — Tx*,t) = N4(A,B c) for allt > 0. 


Definition 3.2: Let A and B be two nonempty subsets of a fuzzy normed space (L, Ñ, ®©). Let T: A > B be 
a given non-self mapping. Then T is called an & — 7j proximal admissible mapping where d,rj: 
A x A x [0,0)  [0,oo) if foreach x, y, u,v € A, and t > 0, 


a(X%Y,T) S "Gs ws T) 
N(u — Tx, *) = N(A,B,T) ; > d(u,w,1) € n(w,v,c) (1) 
Ñw — Ty,t) = Na(A,B,7) 


Definition 3.3: Let A and B be two nonempty subsets of a fuzzy normed space (L, Ñ, ©). Let T: A > B be 
a given non-self mapping and d,j:À x A x [0,00) > [0,0o) be two functions. T is called a &}- 
B proximal contractive mapping if there exists a function f: [0,1] > [1,00) such that, for any sequence 
{ta} c [0,1], B(t,) > 1 implies t, 1, foreach x, 4,4, € A,andt>0 


d (x, Tx, v) (y, Ty, 1) € 9 Tx, 2), Tg, v) 


N(u — Tx,t) = NI (A, B,) > 
Ñw — Tg, 7) = Na(4,B 1) 
Ñ (u =v, T) 2 BC N(x —Y, T)) L(X 4p, u, a", 1) (2) 


where L(x y, u, v, T) = min {N(x — y, 1), max {N(x — u, 1t), NGy — e,0))) 


Theorem 3.4: Suppose that (L, Ñ, ®©) be a fuzzy Banach space and let A and B nonempty closed subsets 


of L where A(t) is nonempty for each t > 0. Consider T: A > B is &—j-P proximal contractive mapping 
satisfies the conditions: 


(a) T is &—f proximal admissible mapping and T(A -(t)) € B(T); 
(b)There exist elements x, and x, in A «(7) such that 
N(x, — Tx,7) = Nal, B, T); XlX xiv) € TQ xi v) for each T > 0; 


(c) If {yn} is a sequence in B .(t) and x € A is such that Ñ (x — y,,T) = N4(A,B,r) asn > oo, then 
x E (T) for each v > 0. 


(d) If {xn} is a sequence in L such that (Xn, X444, 1) € Ñ (X, Xn+1,T) foreachn > 1 andx, > xas 
n > œ, then Č (X4, X, t) € Ñ (X4, X, 1), Vn = 1landt > 0. 
Then T has BPP. 
Proof: According to condition (b), there are elements, say x, , X4 in A «(7) such that 
N(x, — Tx, T) = Na(A,B,t); G(x, Xi 1) € (Xe, Xi t) foreach T > 0 
On the other hand, since T(A.(1)) € B .(r), there exists x; € A(T) such that 
N(x. — Tx, 7) = Na(4,B,1) 


Now, since T is an &- fj proximal admissible mapping, then G (xi, X5, T) € fj(X1, X2, t), 
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Again, since T(A.(r)) € B.(r), there exists x; € A(t) such that: 


N(x — Tx2,T) = Na(A,B,7) 
Thus, 


N(x. — Txut) = Na(A,B,7); 
N(x — TxX2,T) = Na(A,B,1) 
G(X4, X2, t) < A(X, X2, T) 


Again, since T is an G—fj proximal admissible mapping, then &(x2, X3, 1) € fj(x2, Xa, T), hence it follows 
that: 


N(x; — Tx;,7) = Ng(4,B,1); G(Xo, Xs, 1) € A(X Xs v) 
If we keep going this way, we will obtain: 
N(Xn41 — Tx» T) = Na(A,B,t); G Xn, Xm T)) S. Kn Xm T) (3) 


for each n, m > 1, and any n = 0. 


Now using (3) and applying the inequality (2) with u = 4; = Xn, = X441 and X = X,_, obtain: 


Nu — Xu: T) 2 B(NGus — Xn 0) £Gn-iXo XXe) (4) 
where 
L(Xn—1 XXX T) = min(NGo 4 — xy 7), max(NGs a — Xv 0, N68 7x00] 
for each n € N andt>0. 
If we have N(x, 4 — Xn T) € N(x, — X44, T) for some n EN, then obtain: 
min (N(x,.., — Xw T), max(NGg,., — Xu 1T), Nn — X00) = N&Kn-1 — Xn T) 
Also if N(x, — x44, < NGu 4 — Xn: T) for some n € N, then: 
min {N(Xp—1 — Xn T), max N (xn -1 7 x T), NOn 7x00) = Nos 7 Xx» T) 
That is, for each n € N and v > 0, 
min {N(Kp-1 — Xn T), max Ñ (xn -1 — xy T), NOX 7x00) = Nos ~ x» T) 


Hence, 
Nn — Xn4p 7) Z B (NG — Xn 1)) Ñ (xn-1 X) 2 N(Xn-1 = Xm T) ...(5) 


and hence {Ñ (xn — Xn41/T)} in (0,1] is an increasing sequence, consequently, there is y(t) € (0, 1] such 
that lim N(x, — Xn+1:T) = Y(t) for each t > 0. Now to show that y(t) = 1 for eacht > 0. Assume that 
n-0co 


there is t» > 0 such thatO < y(t) < 1. 


From (5), 


NGn- Xn+1T) ro ANG 
an nS — 2 
ee 2 B(NQ ,—x,0)21 


which implies that lim f (NGui LA 1)) = 1. In terms of B 's property which indicates that y = 1, we 
Too 


deduce: 


lim NGg — Xnevt) =1 (6) 
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Following that, we show that {xn} is a Cauchy sequence. Assume that {Xn} is not Cauchy. Then there is 3 € 
(0,1) such that for each x > 1, there are m(x), n(ic) € N with m(x) > n(x) 2 x and 


N (xma — Xna Te) < 1-3, T> 0 

Assume that m(x) is the smallest integer greater than n(x), meeting the condition above: 
N(Xmoo-1— Xn Te) > 1-3 

and for each x, 


1 -32 Ñ (xmo) — Xnao» Te) " 
2 N (xmo — Xunü9-» Te) © N(Xsa9-1 — Xna)» Te) 
> Ñ (xme — Xu9-» 7) 091-3 


In the previous inequality, if use limit as x oo and using (6), obtain: 

lim N(Xmoe) — Xay Te) = 1-3 (7) 
Now from, 
N(Xmaga1 — Xnccjea Te) Z N(Xmoosi — Xma 7) © Noo — Xaoo Te) © Noo — Xnoo«» Te) 
and 
N (xma — Xn Te) 2 N(Xmao — Xmag Te) © N(xquo41 — Xno9«» Te) © N(3ngoaa — Xna To) 
it follows that: 

lim N(Xmog+1 — Xnaer te) = 1—38 (8) 
From (3), 


O(Xn ce)» Xm(x)» To) < fino» Xm) Te) 
N(Xmoo+1 7 TXnoo; Te) = Na(A, Bt») (9) 
N(Xnaos1 I TxnGo, To) = N4(A ,B ,T») 


Hence, by (2) and (9). 
Nossa ax Xn) +r Te) = BIN (xma 4 Matas Te) E soy Xn(i Xm(«)+1 Xn, Te) 
Where, 


Fue ace Xn(ic Xm(i)*1: Xn(i)1: To) =min (N (nts lx Xn(ic To), max {N (Xmoo Xm(«)+1 To), N(Xncx) m 
Xn(k)+1? To) } 


Hence, 


N(Xmao-1-Xnao4-v7) 


> B N >, , To > 1 
L(Xmqco)Xn(o) Xma Xn) +77) BC Goo Yn) ) 


passing to limit as x oo in the above inequality; 


jim BIN (Km) = Xn T)) =1 
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It follows that: 
1—3= lim N(Xmce) 7 Xay Te) = 1 


and so 3 = 0, but this is a contradiction, thus (x,,) is a Cauchy sequence. Since (L, N,G)) is complete then 
{Xn} converges to some x* € L, 


lim N(x, — X*,T) = 1 for each t > 0. 
moo 


Furthermore, 
Na(A,B,t) = N(Xn41 B Tx, T) 
2 NOn — XT) ONG — Txt) _ 
= NOn — XT) © NG — Xnr T) © NGga — Tx T) 
= NGq44 — XT) © NG 7 X47) © Ng(A,B,T) 
which implies 
Na(A,B,t) = N&n+1 — XST) © NG* — Tx, T) 
> N(Xn41 — XT) © NG — X47) © Ng(A,B,T) 


In the previous inequality, if use limit as n — oo, obtain: 


Na(4, B, 1) 219 N(x' - Tx, T) 
>1@1@N,(4,B,1) 


that is, 
lim N(x* — Tx,, 7) = Nq(A,B,7) 
"noo 
and so, by condition (c), x* € A(t). Since T(A.(t)) € B (Tt), there exists z € A(t) such that N(z — 
Tx*, T) = Na (A , B , 1). Consequently, it follows from condition (d) and inequality (2) with u = Xn} Y = 
Z,X% = X,and y = x* that 
NG = 21) > PONG, x0) LXX Z T) 
where Ln x, Xn+1)2, t)=min{N (Xn a x t), max(N(x,, — Xni T), NGC — 4, t)}} 
In the previous inequality, if we use limit as n oo, obtain: 
lim LOX" Xn ZT) = 1 


Now, 


N(x* — 2,7) 2 N(X* = Xw T) * NOn = Xnr T) * Noa — 27) 
= NÆ — xm T) * NO — Xnr T) * BON Rn — x 1)) Lw X Xni ZT) 


Letting n — oo in the previous inequality, get: 
N(x* — z,t) = 1, that is x* = z and N(x' — Tx*,t) = N(z — Tx', v) = N4(A,B ,c). Thus x* is BPP of T. 


Example 3.5: Let L = Rx R with the fuzzy norm, N: L x R > [0,1] defined by N(x,t) = [nl for 
each x € L and T > 0, where ||x||: R  [0, oo) is the standard norm. 


lx — yll = [X1 — x2l + 124 — Yel 


for each x = (x4,x2), 9 = (y, Y2) EL. 
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Le A = {(0,x):x E€ R}and B = {(1,x):x E€ R} 


So that Nq(A,B,t) = sup{N(x—y,1):x € 4, p € B) = ud 


Also, define T: A — B by: 


(12m) if & x9) € A NW 
Tux) =} (17) if (Xe) = (67) for allm > 1 
(1,0) if (x1, x2) = (0,0) 


where, 
W= { (0,2) umm 1] u ((0,0)) 


Notice that A.(t) = A and B .(t) = B, T(A.(1)) € B (1). 
Also, define &, ý : A x A x (0,00) > [0, +0) by: 
1 if (0,3), (0,9) EW 

; otherwise 


&((0,x), (0, y), T) = 


and 


2 if if (0,3), (0,9) € W 
—2 otherwise 


i((0,3), (0, y),t) = { 
Also, assume that: 
U(X, 9,1) S ÅR YT) 


N(u — Tx T) = N(A,B,r) 
Ñ (w — Tg, 1) = N,(4,B,7) 


then, 
(X9) EW 
N(u — Tx, T) = N(A,B,r) 
N(e — Tg, T) = N,(4,B,7) 
then, 


(u, x), Ge) € {((0,0),(0,0)), (0,5) (0,5) y. 


We conclude & (4, «, 1) € rj (ac v, 1) that is means T is an à — 7} proximal admissible mapping. 


Also, assume that &(x, Tx, T) € 7)(x, Tx, T) and (y, Ty,T) < f(y, Ty,T) , get: 


d (x, Tx, Tay, T, 1) € Ti Qs Tx, T) Cus T, 7) 


m) 


1457 


Now we define P : [0,1] > [0,1] by B(s) = 1 for each s € [0,1] and differentiate between the following 


Cases: 


Case 1: If (u, x) = (0.2. (.2)) and (w,y) = (o 2). (0.2) Vn,mzal1 


'2m m. 
Then, 


N(w—wv,1)-— ETT) 
T 
1 1 


UE 
2n 2m 
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Case 2: If (4, x) = ((0,0), (0,0)) and (v, y) = (o, +), (o, 2) foreach m > 1 
Then, 


^ ceu-vll 


> BC h; ax- BG — yo) (N& — y, 0) 


Gy P 
Case 3: If (4, x) = (v, ¥) = ((0,0), (0,0)). Then, 


N(u —,1) = 
=1 
> B(D.1=B(N& - y1) (N& - v0) 


T4|lu-vl| c 


Thus, all hypotheses of Theorem 3.4 is fulfilled. As a result, T has a unique BPP. In this example 
x* = (0,0) is BPP. In the following, the definition of &7}-G proximal contractive for mappings T:A > Ê is 
presented and the best proximity point theorem for this type of mapping is introduced. Let ® be the class of 
all mappings @ : [0,1] [0,1] such that ğ is continuous, nondecreasing and G(s) > s foreach s € [0,1]. 

Definition 3.6: Let (L, Ñ,®) be a fuzzy normed space and let A , B be two nonempty subsets of L. 
Assume that T: A — B be a given non-self mapping and d,j: 4 x A x [0,œ) > [0,o0) be two 
functions. T is called &7)-@ proximal contractive mapping if for each x, y, u,” € À , and t > 0, 


d (x, Tx, T)a(y, T, 1) € Ti Qs Tx, T) Cy, Ty, T) 
Ñ(u — Tx T) = N.(4, B, 1) > Ñu - v, T) > (Ly, u,v, Tt) (10) 
Ñw — Tg, 1) = Na (4, B ,1) 


where L(x y, u, v, t) = min {N(x — y, 1), max {N(x — u, 1), Ñ (y — v, 1)} 
Next, the best proximate point theorem for ğ—ğ-ğ proximal contractive mapping will be proved. 


Theorem 3.7: Suppose that (L, Ñ,®) be a fuzzy Banach space and A , B be nonempty closed 
subsets of L where A .(t) is nonempty for each t > 0. Consider T:A — B be &-#- proximal contractive 
mapping meeting the conditions: 

a. Tis &# proximal admissible mapping and T(A -(t)) € B (x) for each T > 0; 

b.  (b)There exist elements x, and x, in A .(T) such that 

c N(x — Tx.,t) = Na(A,B,t); &(x, xot) € TQ, xv 7) for each T > 0; 

d. f (g4)is a sequence in B.(r) and x € A such that Ñ (x — YT) = Ng(A,B,1) as n > oo, then 
x € A.(t) for each t > 0. 

e. If {x,}is a sequence in L such that @ (Xn: Xn+1 T) € fj Qi, Xn+1T) for each n > 1 andx, > x as 
n > œ, then Č Xn. x, T) € Ñ Gu, x, T), Vn 2 1andr » 0. 

Then T has BPP. 


Proof: By using a similar approach as in proving Theorem 3.4, we may construct a sequence {Xn} in 
A .(t) such that: 


N(Xn41 — Tx» T) = Na(A,B,t); G (Xn Xm T)) S. Ku Xm T) (11) 


for each n, m > 1, and any n = 0. 
Now using (11) and applying the inequality (10) with u = 4 = Xn, v = X444 and X = X44 obtain: 


NG a Xni T) 2 PCE Gc. Xn: Xnr T)) (12) 
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where, 


Lio Xw Xw Xen T) = min(NGo a — xy 0, max{N Xp. — xu T), NGs — Xnr DH} 
zNOG4 "T Xn, t) 


Hence, 
NOn — neat) 2 $(NGui x») > Nina — x0 (13) 


and hence {Nn B Seit) is an increasing sequence in (0,1]. Consequently, there is y(t) € (0, 1] such 
that lim N(x, — x44, 1) = £(1) for each T > 0. We shall prove that y(t) = 1 for each t > 0. 
n-0co 


From (12), 


NG, — xu T) 2 Ø (NGn-1 7x0) 
Since j is continuous, y > $( y) . This implies that y = 1 and therefore: 

lim NO, = Xn) = 1 (14) 
Following that, we prove that {x,}is Cauchy sequence. Suppose that this is not true and proceed as in 


Theorem 3.4's proof there exists 3 € (0,1) and v» > 0 such that, Vk > 1, dm(x); n(x) € N with m(x) > 
n(X) = x such that: 


Tim N(x,q; — Xe, te) = 1-3 
and 
lim N(xaco.i - Xuo« te) 71-8 


Applying (10) and (9), obtain: 


NXmaoo«à U torts) 2 @ ( £o Xn(x)» Xm(K)+V) Xn(k)+1 t:)) 
where, 


£c Xn(i) Xm(o +1» Xn(e) +1) T.) - min (N sitio) — Xn} Te), max {N iod — Xm(x)x1; To), N(Xncx) e 
Xn(i)41» 7)) 


Taking the limit as x — oo in the inequality above, get: 
a a a) ede feat 


but this is a contradiction, hence {Xn} is a Cauchy sequence. Since (L,N,@) is complete, therefore the 
sequence {Xn} converges to some x* € L, 


lim N(x, — X*,T) = 1 for each v > 0. 
moo 


In addition, 

Na(A,B,t) = NO — Tx», T) 

> NQ&n+1 XST) ONG- Txt) — 

> NQ&n+1 — XST) © NGC — Xnr T) © NOGga — TXn T) 
= NOq44 — XST) © NG — Xnr T) © Na (A,B T) 
which implies 


Na(A,B ,t) = Ñn — x0 © N(x* — Tx, 7) 
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2NOq4-x,)00NG - x00 © Nal, B, T) 
In the previous inequality, if use limit as n — oo, obtain: 


Na(A,B ,t) = 1@ NGX* — Tx, T) 
210610NQ4(A,B,1) 


that is, 


lim N(x* — Tx,, 7) = N4(A,B, 1) 
Too 


and so, by condition (c), x* € A(t). Since T(A-(t)) € B (Tt), there exists z € A-(t) such that N(z — 
Tx*,t)= N,(A,B,t). Consequently, it follows from condition (d) and inequality (10) with u = 
XnipU = Z, X = X, andy = x* that: 


N(Xn41 — Z, T) 2 G( Ln X", Xn+1 2 T) 
where, 

Ls X X44, Z T)=minf N (xn — x*, T), max {Ñ On — Xn 7), NG- z, T)} 
We have: 


NCG = 2,1) = NG* — Xm T) * NOs —Xw«o0*NGua — 2,7) 
2 Nx "e Xn, t) * N(X; = Xn), T) * $ E X Xnip Z, T) 


In the previous inequality, if taking the limit as n — oo, get: 
N(x* — z,t) = 1, which means x* = z , that is N(x* — Tx*,t) = N(z — Tx, v) = N4(A, B , 1), thus 


x* is BPP of T. 
Example 3.8: Let L = R with the fuzzy norm, Ñ: L x R > [0,1] defined by N(x, Tt) = 


L and t > 0, where ||x||: R > [0, oo) such that ||x|| = |x| 


T 
T |Ixll 


VX€ 


LetA = {1,2,3,4,5} and B = (6,7,89,10] 


So that Na(4,B,1) = sup(N-4,0:x € Z y € B) = | 


Also, define T: A B by 


6,ifx=5 
x + 5 ,otherwise 


TG) =Í 
Notice that A(t) = 5 and B .(t) = 6, T(A-(t)) € B (T). 
Also, define d,7j: 4 x A x (0,0) > [0, +00) by: 
a(%Y¥,T) =1Yxy €À 
and 
ÅS, 9,1) = 2 for each x, y € A 
Also, assume that: 
Ust) S TOS sm) 
N(u — Tx,t) = N«(A,B,1) 
Ñw — Ty, 1) = Ng(A,B,1) 
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then, 
Xy €A 
N(u — Tx, T) = N(A,B,r) 
Nw — Tg, t) = Na (4, B,) 
then, 


(w,x) = (5,5) or (u,x) = (5,1). Putting (44,x) = (5,5) and (w,x) = (5,1). Then conclude 
a(u,v,T) € H(u,v,T) that is means T is an à — 7j proximal admissible mapping. 


Also, assume that &(x, Tx, v) € 7j(x, Tx, T) and (y, Tg, 7) € ly, Tg, 7) , get: 
d (x, Tx, T)a(y, T, 1) € Ti Gs Tx, T) Cus Ty, 7) 


Now we define $ : [0,1] > [0,1] by G(s) = Vs ,v s € [0, 1] then from (10), 


ou T 

NO yc 
es TESUI 
== T 

t+ |[5— 5| 


2126 (NG&- y, 0) for each t > 0. 


4. CONCLUSION 

In this paper, we introduced the notions of &7-8 proximal contractive and d—1j-f proximal 
contractive mappings in a fuzzy Banach space. After that, the existence of the best proximity point for these 
types of mappings is proved. Some examples are provided to demonstrate the applicability of the results 
obtained. This work lays the groundwork for further research on other new types of contraction functions in 
fuzzy Banach space and to study the applications for these types of mappings in a fuzzy Banach space. 
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